Abstract
Introduction
The notion of a calibration originated in the seminal paper of R. Harvey and H. Lawson [10] . Let M be a Riemannian manifold, and let ξ be a closed k-form on M. We say that ξ is a calibration on M if for any oriented k-plane κ in the tangent bundle of M, ξ | κ ≤ vol(κ). (Here vol(κ) is the volume form on κ.) An oriented k-dimensional submanifold L of M is said to be calibrated by ξ if ξ restricts to the volume form on L. Calibrated submanifolds are homologically volume minimizing (see [10, Th. [10] the fundamental calibrating forms on M = R n and presented some examples of calibrated submanifolds.
II.4.2]). Harvey and Lawson have studied in
R. McLean has studied the deformation theory of compact calibrated submanifolds in [16] (also, see [16] for a thorough discussion of various calibrated geometries). He showed that in some cases the deformation theory of calibrated submanifolds is unobstructed and the dimension of the moduli space of calibrated submanifolds is equal to the codimension of a calibrated submanifold in the ambient manifold. This suggests that calibrated submanifolds potentially fill up the ambient manifold, with some submanifolds degenerating to singular subvarieties. More precisely, we adopt the following definition of a calibrated fibration. DEFINITION In the compact case very little progress has been made in establishing the existence of calibrated fibrations on manifolds with calibrations. In this paper we use structurepreserving group actions on noncompact manifolds to construct calibrated submanifolds. We see that, unlike in the compact case, the presence of an appropriate symmetry group does allow us to construct a calibrated fibration. The paper is organized as follows.
In Sections 2-4 we study a Kähler manifold (M 2n , ω) with a nonvanishing holomorphic (n, 0)-form ϕ on M. We call (M, ω, ϕ) an almost Calabi-Yau manifold. (M, ω, ϕ) is a Calabi-Yau manifold if ϕ has constant length ( √ 2) n . In this case one easily shows that ϕ is parallel, the metric is Ricci-flat, and the holonomy of M is contained in SU(n).
If (M 2n , ω, ϕ) is a compact almost Calabi-Yau manifold, then S.-T. Yau's resolution of the Calabi conjecture (see [23] ) gives a unique Kähler metric ω CY in the same cohomology class as ω such that ϕ has constant length C with respect to ω CY . We can multiply ϕ by a constant to get C = ( √ 2) n . Thus (M, ω CY , ϕ) becomes a Calabi-Yau manifold, and ω CY is called a Calabi-Yau metric.
Let V be a complex vector space of complex dimension n with a Hermitian 2-form ω 0 . Let ϕ 0 be an element of (n,0) V * such that its length |ϕ 0 | = ( The notion of SLag submanifolds readily generalizes to almost Calabi-Yau manifolds. Let (M, ω, ϕ) be an almost Calabi-Yau manifold. We can conformally scale the Kähler form ω to a Hermitian 2-form ω * on M so that the form ϕ has length ( √ 2) n with respect to the metric defined by ω * . Since ω * defines a Hermitian metric g * on M and ϕ has constant length ( √ 2) n with respect to this metric, the form Re ϕ is a calibrating n-form on (M, g * ). We define SLag submanifolds to be submanifolds calibrated by Re ϕ on (M, g * ) (see [10, p . 153] and [6] ). Thus a submanifold L ⊂ M is a SLag submanifold if and only if ω * | L = 0 and Im ϕ| L = 0, which is of course equivalent to ω| L = 0, Im ϕ| L = 0.
SLag submanifolds have recently attracted a lot of attention due to the Strominger-Yau-Zaslow (SYZ) conjecture on special Lagrangian torus fibrations on Calabi-Yau manifolds. Let (M, ω CY , ϕ) be a compact Calabi-Yau manifold. McLean has shown in [16, Cor. 3.9 ] that if L is a compact SLag submanifold of M, then the moduli space of SLag submanifolds passing through L is smooth of dimension equal to the first Betti number of L. (This can be also generalized to almost Calabi-Yau manifolds and to symplectic manifolds with trivialized canonical bundle; see [6, Lem. 3.1.1] and [19] .) If b 1 (L) = n, one can ask if the moduli space of SLag submanifolds through L gives a fibration of some neighbourhood of L in M. Now SLag submanifolds are in particular Lagrangian submanifolds of (M, ω CY ). If one has a fibration of some open subset of a symplectic manifold by compact Lagrangian submanifolds, then J. Duistermaat's theory of action-angle coordinates suggests in particular that those submanifolds are diffeomorphic to a torus (see [5] and [8, Sec. 2] ). So tori are the only candidates for being fibers of a SLag fibration on an open subset of M. The SYZ conjecture (see [20] ) suggests that (M, ω CY , Re ϕ) has a calibrated fibration (see Definition 1) with generic fiber being a SLag torus. The conjecture also proposes an approach to constructing a mirror Calabi-Yau manifold to M using this SLag fibration (see [8] for some progress on constructing a mirror assuming that the SLag fibration on M exists).
In Section 2 we consider a noncompact almost Calabi-Yau manifold M 2n with a structure-preserving effective Lie group action. We see that an appropriate symplectic reduction M red of M has a natural structure of an almost Calabi-Yau manifold and that SLag submanifolds of M red lift to SLag submanifolds of M, invariant under the group action (see Lemma 2) . If the Lie group acting on M is the (n − 1)-dimensional torus T n−1 , then we prove the following analog of the SYZ conjecture for M. The countable union of planes in Theorem 1 stems from the fact that M is noncompact. We can replace the countable union by a finite union if we make certain assumptions on the set of nonregular points of the torus action (see Theorem 2) .
In Section 3 we consider examples of almost Calabi-Yau manifolds, to which Theorem 1 applies. In Section 3.1 we consider a compact algebraic manifoldM 2n with an algebraic (n − 1)-torus action. (This is an algebraic complexity one space; see [22] and [14] .) We show (see Proposition 2) that there is a (nontrivial) meromorphic section σ of the canonical bundle ofM, which is invariant under the T -action. Any such σ defines a divisor D, and on the complement M =M − D, σ gives a trivialization of the canonical bundle of M. Suppose H 1 (M, R) = 0. Take any T -invariant Kähler form ω on M. Theorem 1 says that (M, ω, σ ) has a SLag fibration. We investigate how the fibers compactify inM. We treat 2 cases. If ω is the induced metric fromM, then Lemma 3 of Section 3.1 covers the generic fibers. For ω a Ricci-flat metric on M we study one family of examples in Section 3.2.
In Section 3.2 we consider a family of examples for the setup in Section 3.1, for which we can explicitly write down a SLag fibration for a complete Ricci-flat metric on M, and we see how the fibers compactify inM. Let N 2n be a Kähler-Einstein manifold with positive scalar curvature with an effective structure-preserving T n -action. E. Calabi noted in [4] that the total space K (N ) of its canonical bundle is naturally a Calabi-Yau manifold. We show that M = K (N ) is an example for the setup M =M − D in Section 3.1, and we investigate SLag submanifolds for a Ricciflat Kähler metric on M. For each orientable minimal Lagrangian submanifold L of N we associate a 1-parameter family (L λ |λ ∈ R) of SLag submanifolds of K (N ). L 0 is invariant under scaling of K (N ) by real numbers. We prove that precisely one regular orbit L of the T n -action on N is a minimal Lagrangian submanifold of N . The T naction on N induces a T n -action on M, and from Theorem 1 we get a calibrated SLag fibration on M. We prove (see Theorem 3) that all fibers are asymptotic at infinity to the fiber L 0 . (In particular, they have the same boundary in D as L 0 .) We conjecture that any Kähler-Einstein manifold N with positive scalar curvature has an embedded minimal Lagrangian torus L and, moreover, that K (N ) has a calibrated SLag fibration with all fibers being asymptotic to L 0 at infinity.
In Sections 3.3 and 3.4 we construct further examples of SLag fibrations on noncompact (almost) Calabi-Yau manifolds, most notably on crepant resolutions of singularities for the quotient of C n by a finite Abelian subgroup of SU(n).
In Section 4 we use a result in Section 3.4 to investigate compact almost CalabiYau hypersurfaces in an algebraic complexity one spaceM. We assume that the anticanonical bundle K (M) ofM is ample and has a T -invariant holomorphic section η. We also assume that near the smooth part D of the zero set D of η, η is transversal to zero. This gives a natural trivialization ϕ of the canonical bundle of D . Consider the induced metric ω fromM on D . We assume that the T -action on some connected component D 0 of D has a finite stabilizer. For D 0 one can choose an angle θ 0 such that orbits of the T -action on D 0 are SLag submanifolds of (D 0 , ω, e iθ 0 ϕ ). Consider transversal sections η j of K (M), which converge to η. Their zero sets D j are naturally smooth almost Calabi-Yau hypersurfaces (with the induced metric from M). Near a compact, T -invariant subset N of D 0 the manifolds D j converge to N as η j → η. We show (see Theorem 4) that one can perturb our SLag torus fibration on N to SLag torus fibrations on the corresponding subsets of D j . (All fibrations are SLag for metrics, induced fromM.)
In Section 4.2 we show that an example of this isM = CP 4 and D j are quintics. We also show that Theorem 4 can be generalized from hypersurfaces to complete intersection almost Calabi-Yau submanifolds of a Kähler manifoldM which admits a lower-dimensional torus action (see Corollary 1 in Section 4.1 and Section 4.3).
In Section 5 we consider a different calibrated geometry: the coassociative geometry on manifolds with a G 2 -structure. Let M be a 7-manifold with a G 2 3-form ϕ (see Section 5 for more details). The 4-form * ϕ is a calibration on M, and calibrated submanifolds are called coassociative submanifolds. Suppose H 1 (M, R) = 0. In Section 5.1 we investigate structure-preserving G-actions on M, for G being a compact 3-dimensional Lie group. Suppose the action is not regular in at least one point in M. If G acts freely on the set M of regular points of the G-action, then we prove that M is covered by a family of nonintersecting coassociative submanifolds, diffeomorphic to G × R.
In Section 5.2 we consider examples for the construction in Section 5.1. R. Bryant and S. Salamon have constructed in [3] some examples of complete metrics with holonomy G 2 . Many examples admit structure-preserving SO(3) or SU(2) actions, and we show that in one example the G 2 -manifold M can be covered by nonintersecting coassociative SO(3)-invariant submanifolds.
Group actions on almost Calabi-Yau manifolds
Let (M 2n , ω, ϕ) be an almost Calabi-Yau manifold (see the introduction). Suppose we have a structure-preserving G-action on M for a compact Lie group G. For any element v of the Lie algebra G of G we associate the infinitesimal flow vector field X v on M, induced by the differential of the action. The X v -flow on M preserves ω and ϕ. First we prove the following general lemma about group actions on manifolds with closed forms. LEMMA 
(obtained by contracting η by the vector fields X 1 , . . . , X l ). Then η is a closed, Ginvariant form.
Proof
It is obvious that the definition of η is independent of a choice of an oriented orthonormal basis of G . Since the G-action preserves η and the adjoint action of G on G sends an oriented orthonormal basis to an oriented orthonormal basis, it is clear that η is G-invariant. So we need to prove that η is closed.
Here, for each multi-index α, C α is a constant and also α j ≥ k+2 for some 1 ≤ j ≤ k. From (3) it follows that dη = 0. We prove (3) by induction on k. If k = 1, then the X 1 -flow preserves η and so
Now we use induction on k. We compute the Lie derivative
Now for any three vectors (4) . From this we can easily deduce that
Here for each multi-index β, C β is a constant and also
The first term is equal to (−1) k dη k+1 , and we use the induction hypothesis for the second term. From (5) and (6) we easily see that we have the desired formula for dη k+1 .
We return now to the G-action on our almost Calabi- 
Consider a level set ν of the moment map µ. Since µ is G-equivariant and ν is in the center of G * , then G preserves ν . So the flow vector fields
(Here ⊥ is with respect to the metric.) Then W is a complex vector bundle over ν , the tangent bundle to ν is W ⊕ V , and the quotient of W by the G-action can be viewed as the tangent bundle of the symplectic reduction M red = ν /G. It is well known that the Hermitian structure on the vector bundle W projects to a Kähler structure on M red . Next we show that M red has a natural nonvanishing holomorphic (n − l, 0)-form. We apply Lemma 1 with η = ϕ to get a closed, Ginvariant (n −l)-form ϕ on M given by equation (2) . Also, ϕ is of type (n −l, 0), and it restricts to a nonvanishing form on W . It is clear that there is a unique (n − l, 0)-form ϕ red on M red such that π * (ϕ red ) = ϕ on ν . (Here π : ν → M red is the quotient map.) Now ϕ red is closed (since ϕ is) and nonvanishing. Thus M red becomes an almost Calabi-Yau manifold.
Let L be a SLag submanifold of M red , and let
It is clear that L is a SLag submanifold of M, invariant under the G-action.
Remark 1
We see from the lemma that it is useful to consider SLag geometry on almost CalabiYau manifolds even if one is interested only in "honest" Calabi-Yau manifolds. In fact, we can start from a Calabi-Yau manifold M, and its symplectic reduction is an almost Calabi-Yau manifold.
From now until Section 5 we assume that G is an l-dimensional torus T l . First we prove the following easy proposition. PROPOSITION 1 Let M be a smooth manifold, and let λ be a k-form on M. Let χ = dλ. Suppose we have a T l -action on M which preserves λ. Let λ be a (k − l)-form on M given by equation (2) for η = λ, and let χ be a (k + 1 − l)-form on M given by equation (2) for η = χ . Then χ = (−1) l dλ .
Proof
Let X 1 , . . . , X l be a basis for the Lie algebra G of T l . We define
and we are easily done by induction.
We now come to the main result of Section 2.
THEOREM 1
Let (M 2n , ω, ϕ) be an almost Calabi-Yau manifold that admits an effective structure- 
Remark 2
The SLag fibers of α on M are calibrated by Re ϕ with respect to the Hermitian metric on M for which the form ϕ has length √ 2 n (see the introduction).
Proof
We apply Lemma 1 with η = ϕ to get a closed,
It is clear that f is also invariant under the T n−1 -action. Let µ be a moment map for the T -action on M. Then µ goes to G * , which we identify with R n−1 by choosing a basis of G . We define
Let S be the set of nonregular points of the torus action. We claim that a level set L m of (µ, ξ ) which passes through a point m ∈ M − S is a smooth n-dimensional SLag submanifold of M near m. Indeed, let ν be the level set of the moment map passing through m. Since the T -action is locally free near m, ν is a smooth submanifold of M. Let V and W be vector bundles over ν near m as in the proof of Lemma 2.
Next we prove that L m is SLag near m. Since ξ and µ are T n−1 -invariant, then so is L m . So the X v 's are in the tangent space to L m at m for all v ∈ G . Since L m is on the level set of µ, the tangent space to L m at m is ω-orthogonal to the X v 's, so it must be Lagrangian. Also, Im ϕ | L m = 0 implies that L m is special at m. Now we prove (iii). Let L be a level set of (µ, ξ ) such that all points on L are regular points for the T -action on M. Let L be a connected component of L. We have Re ϕ = dφ (see (7)). One easily sees that Re ϕ | L = 0 for all points of L. One also easily shows that ∇φ along L is tangent to L; hence it coincides with ∇(φ| L ).
Consider a T n−1 -orbit T on L . T lives on some level set of φ on L ; hence it must coincide with a connected component of this level set. The normalized gradient flow of T by ∇φ/|∇φ| 2 on L gives a diffeomorphism between L and T n−1 times R. Indeed, for any point p ∈ T this flow is defined on an interval (a − , a + ) and a − , a + are independent of p ∈ T . One easily sees that the image of T under this flow is isolated in L; hence it is equal to L .
Next we prove (ii) and show that S is locally contained in a finite union of submanifolds of codimension 4 in M (which is a part of the assumption for a calibrated fibration as in Definition 1). To prove this we need to understand the picture near a point in S. Let m ∈ S. The differential of the action is not injective at m, and m has a stabilizer T of positive dimension l and an orbit O. To prove (ii) we need to see what is the image of (µ, ξ ) on S near m.
The symplectic form ω restricts trivially to O; hence we have ω = dγ for some
Since ω is T n−1 -invariant, we can make γ invariant as well (by integrating it over T n−1 ). For any v ∈ G we have
is a moment map on U O , and µ − µ is a constant. Also, Im ϕ| O = 0, so we can write Im
From Proposition 1 we get that ϕ = dξ , so ξ − ξ is a constant. (Here ξ = Im f as in (7).) We prove that the image of S ∩ U O by (µ , ξ ) is contained in a finite union of (n − 2)-planes in R n . The same is true for the image of S ∩ U O under (µ, ξ ), and since M is paracompact, (ii) follows. Obviously, ξ = β(X 1 , . . . , X n−1 ) = 0 on S. Next we prove that there is a collection v 1 , . . . , v l of linearly independent elements of G such that at any point p ∈ S ∩ U O the flow vector field corresponding to v i − v j vanishes for some i and j. This implies that the image of µ on S lies on a finite collection of hyperplanes in G * . Hence the image of (µ , ξ ) on S near O is contained in a finite collection of (n − 2)-planes in R n .
We have the tangent bundle T O and the normal bundle N (O) to the orbit, which splits as a direct sum 
We identify the fiber W (m) of W at m with C l+1 . The isomorphism ρ gives an action of the torus T T l as a maximal torus of SU(l + 1) on C l+1 by
It is clear that the nonregular points in π −1 (m) are the subspaces
and the vector field ∂ θ i − ∂ θ j (see (9)) is in the kernel of the differential of the action at those points. Let To complete the proof of (i) and (iv) we still need to investigate the structure of the singular fiber L m through m and to prove that the image of (µ, ξ ) is open in R n . Let e 1 , . . . , e l be a basis of the Lie algebra of T . We extend it by e l+1 , . . . , e n−1 to be the basis of G . Let
The differential of µ is surjective along O, and the level set of µ through m is a smooth submanifold of M (containing O). Also, obviously L m ⊂ . We can investigate L m by means of a local symplectic reduction. Let Q = span(e l+1 , . . . , e n−1 ) ⊂ G . Take a small ball U containing the origin in Q. U can be identified with a submanifold (still called U ) of T n−1 via the exponential map on T n−1 , and U is transversal to T at 0 ∈ T . Also, consider the induced metric on , and let Z be the image of a small ball in the normal bundle to O in at m by the exponential map. So Z is Tinvariant, contains m, and is transversal to O in . We define an equivalence relation on a small neighbourhood V of m in by making the equivalence classes to be orbits of the U -action through points of Z . The quotient M under this equivalence can be thought of as a local symplectic reduction of M by the action of U . So M is a Kähler manifold. By Lemma 2 we have a natural trivialization ϕ of the canonical bundle of M . We have a structure-preserving T -action on M . Let µ * be the restriction of µ to the dual Lie algebra of T . Then µ * is a moment map for the T -action on M . Also, ξ descends to M , and the level sets of (µ * , ξ ) are SLag submanifolds of M , which lift to level sets of (µ, ξ ) on M.
We investigate the level sets of (µ * , ξ ) on M . Let τ : V → M be the quotient map. Then τ : Z → M is a diffeomorphism. Let L m be the level set of (µ * , ξ ) through τ (m). We prove that L m is diffeomorphic to an (l + 1)-dimensional cone and, moreover, all points on L m − τ (m) are regular points for the T -action. We claim that (i) and (iv) follow from this. Indeed, near m,
Thus L m is locally a product of a cone with a Euclidean ball. Also, its singular set is of codimension l + 1 ≥ 2, and so (iv) follows. Moreover, L m contains regular points for the T n−1 -action. The differential of (µ, ξ ) is surjective at those points, and so we deduce that the image of α = (µ, ξ ) is open. This completes the proof of (i).
So we have a Kähler manifold M with a trivialization ϕ of the canonical bundle and a structure-preserving T T l -action, which preserves m = τ (m) ∈ M and induces an action of a maximal torus of SU(l + 1) on the tangent space to M at m as in (9) . We would like to understand the level set µ * (m ) of the moment map µ * on M (which contains L m ). To do this we introduce the equivariant Darboux coordinates in the following way. We identify a small neighbourhood of m in M with a ball Y in the tangent space T m M via the exponential map. The action of T is linear on Y , and it preserves the symplectic form ω on Y , induced from the symplectic form on M by the exponential map. We identify Y with a ball in C l+1 . We also have a standard symplectic form ω 0 on Y ⊂ C l+1 , which is invariant under the T -action. By the equivariant version of Darboux theorem (see [9, p . 156]) we have a T -equivariant embedding χ of a possibly smaller ball Y into Y such that
The moment map for the T -action on (Y, ω 0 ) is
The nonregular points of the action are, as we saw, the planes H i, j = (z i = z j = 0), and the zero set of µ 0 intersects them only at the origin. The zero set P 0 of µ 0 is a cone R = (|z i | = |z j |) in C l+1 . Its symplectic reduction thus is a 2-dimensional cone with a singular point at the origin. Similarly, we can take a level set P 0 = χ −1 (P 0 ) of µ * through m to get a symplectic reduction M for the T -action on (M , ω ). Let m ∈ M be the image of m under the quotient map. We take a compact neighbourhood K of m in M , and K is a 2-dimensional cone with boundary.
We have a holomorphic function f = φ + iξ on M as in equation (7), and this function descends to a holomorphic function on M and on M . Without loss of generality we assume that ξ(m) = 0. The zero set of ξ on M lifts to the fiber L m ⊂ M . The gradients of ξ and φ on M are tangent to the level sets of µ. Thus the gradient flow of, say, φ on M projects to the gradient flow of φ on M and on M . Also, the gradients of ξ and φ are linearly independent over M −m and ∇φ = J ∇ξ . Thus the gradient flow of φ is the Hamiltonian flow of ξ , and so it preserves ξ . Since dξ = 0 on M − m , then ξ −1 (0) is an orbit of the gradient flow of φ near every point on the zero set of ξ in M − m . The orbits of this gradient flow on ξ −1 (0) are obviously isolated. One end of such an orbit might flow to the critical point m , but the other must flow to the boundary of K . From this we deduce that there are only finitely many of these orbits in ξ −1 (0) in K . We even look for a smaller K ⊂ K , so that one end of each orbit in K flows to m . So these are orbits d 1 , . . . , d p . We prove that p > 0. We claim that from this it follows that L m is diffeomorphic to a cone modeled on p l-tori (i.e., a disjoint union of p l-tori is the link of the cone).
Indeed, let P 0 be the level set µ * (m ) of µ * on M as before, and let ν : P 0 → M be the quotient map. Take a point q i on ν −1 (d i ) in M . Then the gradient flow of φ through q i projects under ν to the gradient flow on M . Hence the gradient flow of φ on M through q i must terminate at m . Let d i be the trajectory of this flow. Then the orbit D i of the T -action on d i is diffeomorphic to a cone modeled on an l-torus.
and it is diffeomorphic to a cone, modeled at p l-tori. Moreover, points on L m − m are regular points for the T -action. Finally, we prove that p > 0. For every nonregular point of the T l -action on C l+1 , some of the functions µ i − µ j (see (11) (10)). If s ∈ M − D , then the level set P s of µ * through s is smooth. Take now a sequence of such points s j ∈ M − D converging to m . Fix a compact neighbourhood B of m in M . We consider the positive direction φ-gradient flow lines a j through s j . There are no critical points of φ on P s j . So those lines a j must intersect the boundary ∂ B. We saw that the level set P 0 of µ * through m is smooth outside of m . So P s j converge to P 0 outside of m . It is easy to show that (after passing to a subsequence) a j converge to a ∇ φ -flow line a ∞ on P 0 terminating at m . Since ξ is constant along the gradient flow of φ, a ∞ is in ξ −1 (0). We project a ∞ to M and get a gradient flow line on M terminating at m , and we are done.
Remark 3
For M = C n and T n−1 being the maximal torus of SU(n), Harvey 
Remark 4
The proof of Theorem 1 in fact gives a construction of special Lagrangian submanifolds as level sets µ = a, ξ = c.
Thus we effectively get an algebraic construction of special Lagrangian submanifolds. We utilize this construction for some examples in Section 3.
The countable union of planes in Theorem 1 stems from the fact that M is noncompact. If we make certain assumptions on the set of nonregular points of the T -action, then we can replace the countable union by a finite union. (8) is a smooth SLag submanifold of M.
THEOREM 2 Suppose we have an effective structure-preserving T n−1 -action on an almost CalabiYau manifold M 2n as in Theorem 1. Suppose that the set of nonregular points of the T -action on M is a finite union S = S i of connected submanifolds such that each S i has a positive-dimensional stabilizer T i ⊂ T . Then for all points p outside a finite union H
= H i of (n − 2)-planes in R n , the fiber α −1 ( p) = (µ, ξ ) −1 ( p) of the calibrated fibration α as in equation
Proof
We have dξ = Im ϕ (see (7)). On each S i the action is nonregular; thus ϕ = 0 on S i . In particular, dξ | S i = 0; that is, ξ is a constant ξ i on S i .
Let 0 = e i be an element in the Lie algebra of T i . Then the flow vector field X i of e i vanishes along S i . Thus dµ (e i ) = i X i ω = 0 along S i . So in particular, µ(e i ) = µ i = const. So the image of µ on S i lives on a hyperplane in the dual Lie algebra G * of T .
From all this we deduce that the image of (µ, ξ ) on S lives on a finite union H of (n − 2)-planes in R n .
Examples of SLag fibrations

SLag fibration on the complement of a divisor in an algebraic complexity one
space In Theorem 1 we presented a class of noncompact almost Calabi-Yau manifolds for which one can construct a calibrated SLag fibration. In Section 3 we exhibit various examples for which Theorem 1 applies. In Section 3.1 we develop a general setup for constructing a noncompact almost Calabi-Yau manifold M 2n with a structurepreserving T n−1 -action. In Sections 3.2 and 3.4 we consider some examples of this setup in more detail.
LetM 2n be a compact algebraic manifold with an effective algebraic T s -action. The fact the the action is algebraic is equivalent to saying that there is a very am-ple line bundle L onM and T acts on its total space. We can use L to construct a meromorphic T -invariant section of the canonical bundle K ofM. PROPOSITION 
We can view ξ j as living in the character lattice of the dual Lie algebra G * of T . The condition that the T -action is effective onM implies that ξ i span the character lattice of G * over Z. Indeed, suppose ξ i do not span the character lattice of G * . Then we can find an element e = 1 of T such that ξ i (e) = 1, that is, e acts trivially on H 0 (L ,M). But then e acts trivially onM. Indeed, suppose m ∈M and e(m) = m = m. Since L is very ample, there is a section β of L such that β(m) = 0 , β(m ) = 0. But then e does not act trivially on β-a contradiction.
For
is T -invariant and T acts on V with a character φ. Again, we can think of φ as living in the character lattice of G * . We have
We consider only a i = 0, and we divide them into subsets a From now on we assume that s = n − 1, that is, thatM is an algebraic complexity one space. We refer the reader to [14] and [22] for a discussion of complexity one spaces. Let σ be any T -invariant meromorphic section of the canonical bundle ofM.
Then σ is a nonvanishing holomorphic (n, 0)-form on M. Take ω to be any T -invariant Kähler form on M. If we assume that H 1 (M, R) = 0, then Theorem 1 tells us that the map α = (µ, ξ ) (see (8)) gives a SLag fibration of (M, ω, σ ) over an open subset of R n . Here µ is the moment map for the T -action on (M, ω), and ξ = Im f (see (7)) is defined in the proof of Theorem 1. We wish to investigate how the SLag fibers compactify inM. For the remainder of this section we assume that ω is induced from a Kähler metric onM. We decompose D into D = D − D + corresponding to the meromorphic and the vanishing parts of σ . Consider the function f (see (7)
LEMMA 3 Let ν be a value of the moment map such that T acts freely on D
Then the boundary of L t inM is D ν .
Proof
Obviously, the boundary of L t is contained in D ν . To prove the other inclusion we first note that the T n−1 -action onM induces the complex torus T c = (C * ) n−1 -action onM. Indeed, the flow vector fields X v give rise to the vector fields J X v onM. The flow of X u preserves X v and commutes with J ; hence it preserves J X v , that is,
and all the vector fields X u , J X v commute, and this induces the T c -action onM (with the real torus T n−1 being the product S 1 × · · · × S 1 of unit circles in T c ). We have
So the T c -action preserves σ , and so it preserves (2)). We choose a local section ϕ of the canonical bundle ofM near d such that |ϕ| = 1. Then σ = gϕ and |g| is not bounded since σ has a singularity at d. But the vector fields X i are linearly independent and ω-orthogonal to each other near d. Hence one easily deduces that |i X 1 · · · i X n−1 ϕ| is uniformly bounded from below, so |σ | is unbounded-a contradiction. So f is singular at d , and we are done.
Remark 5
The conclusions of Lemma 3 apply only for those values of µ on D − on whose level sets T n−1 acts freely. In Section 3.2 we have examples in which for all nonregular values ν on D − the level set D ν does not intersect the closure of any fiber of (µ, ξ ) inM − D − . Thus Lemma 3 is sharp.
Ricci-Flat metrics. Another interesting class of metrics on M are T -invariant, complete Ricci-flat metrics. We refer the reader to [21] and [13] for some existence results. If H 1 (M, R) = 0, then from Theorem 1 we get a SLag fibration on M. In this case the compactification of the fibers inM is quite different from the case of the induced metrics fromM. We consider one case of this setup in Section 3.2.
The canonical bundle of a Kähler-Einstein manifold
In this section we produce a family of Calabi-Yau manifolds M =M − D as in Section 3.1 for which we can explicitly write down a SLag fibration for a complete Ricci-flat metric on M, and we show how the fibers compactify inM.
Let N 2n be a Kähler-Einstein manifold with positive scalar curvature with an effective structure-preserving T n -action. We refer the reader to [2] for some recent examples of such manifolds. Let K (N ) be the total space of the canonical bundle of the complex manifold N 2n , and let π : K (N ) → N be the projection. There is a canonical (n, 0)-form ρ on K (N ) defined by ρ(a)(v 1 , . . . , v n ) = a π * (v 1 ), . . . , π * (v n ) , a ∈ K (N ). The form ϕ = dρ is a holomorphic volume form on K (N ). If z 1 , . . . , z n are local coordinates on N , then the section dz 1 ∧ · · · ∧ dz n defines a coordinate function y on K (N ) and
Let W = K (N ) ⊕ C be the direct sum of the canonical bundle of N with the trivial bundle over N . LetM be the projectivization of W over N , and let M = K (N ). We have a natural inclusion i : M →M, and the complementM − M can be viewed as a copy N ∞ of N at infinity. If N is toric, then the action of T n on N induces a T n -action on M and onM; thusM becomes an algebraic complexity one space. Moreover, the holomorphic volume form ϕ on M can be viewed as a meromorphic section of the canonical bundle ofM, which has a pole of order −2 along N ∞ . Thus we have M =M − N ∞ as in Section 3.1.
For N a Kähler-Einstein manifold with positive scalar curvature, Calabi has constructed a complete Ricci-flat Kähler metric on K (N ) (see [4] and [18, p. 108] ). The metric is constructed as follows. The connection on K (N ) induces a horizontal distribution for the projection π, with the corresponding splitting of the tangent bundle of K (N ) into horizontal and vertical distributions. We can identify the horizontal space at each point m ∈ K (N ) with the tangent space to N at π(m). Let r 2 : K (N ) → R + be the square of the length of an element in K (N ), and let u : R + → R + be a positive function with a positive first derivative. We define the metric ω u on K (N ) as follows. We put the horizontal and the vertical distributions to be orthogonal. On the horizontal distribution we define the metric to be u(r 2 )π * (ω), and on the vertical distribution we define it to be 2t −1 u (r 2 )ω . Here ω is the Kähler-Einstein metric on N , t is its scalar curvature, and ω is the induced metric on the linear fibers of π. The Kähler-Einstein (K-E) condition ensures that the corresponding 2-form ω u defining this metric on K (N ) is closed, that is, that the metric is Kähler. We consider two different families of functions u, which define two different families of Kähler metrics ω u on K (N ).
Family A: Calabi metrics. Let u be given by u(r 2 ) = (tr
(see [18, p. 109] and [4] ). In this case, ω u is complete and Ricci-flat (a Calabi metric).
Family B: Metrics induced fromM.
We can take a different function u so that the metric ω u is induced from a metric onM. Indeed, let w(x) = x −2 u (1/x). This is a smooth positive function for x > 0. Choose the function u so that w extends to a smooth positive function w(x) for x ≥ 0. So, in particular, u (y) is asymptotic to 1/y 2 at infinity and u integrates on (0, ∞); thus u has a limit u ∞ at infinity. One can easily show that the metric ω u compactifies to a smooth, T n -invariant metric onM.
We want to write down a SLag fibration for (M, ω u , ϕ) (for any u). We begin with the following observation. Let L be an oriented Lagrangian submanifold of N . We endow K (N ) with a Kähler metric ω u as above for any choice of the function u. For any point l ∈ L there is a unique element κ l in the fiber π −1 (l) of K (N ) over l which restricts to the Riemannian volume form on L. Various κ l give rise to a section κ of
LEMMA 4
L is a minimal Lagrangian submanifold of N if and only if any of L λ is a special Lagrangian submanifold of N (K ).
By a minimal submanifold we mean here a submanifold that is critical for the volume functional (i.e., the trace of its second fundamental form vanishes).
Proof
First we note that L λ are special, that is, that Im ϕ| L λ = 0. Indeed, one easily verifies that Im ρ| L λ = λπ * (κ) (see (12) ) and hence that Im ϕ| L λ = λπ * (dκ) = 0. We now prove that L λ is Lagrangian if and only if L is minimal. Let m be a point on L λ , let l = π(m), and let m = (a + iλ)κ l . The tangent space to L λ at m is spanned by κ l (viewed as a vertical vector in T m K (N )) and by the vectors e + (a + iλ)∇ e κ . Here e is any tangent vector to L at l (viewed as an element of the horizontal distribution of T m K (N )), and (a + iλ)∇ e κ lives in the vertical distribution of T m K (N ).
To compute ∇ e κ, take an orthonormal frame (v j ) of T l L, and extend it to an orthonormal frame of
Now e κ(v 1 , . . . , v n ) = 0 since κ is a volume form on L. Also,
Here J is the complex structure on N . Thus we get that
Here h = ∇ v j v j is the trace of the second fundamental form of L. From this one easily deduces that L λ is Lagrangian if and only if h = 0, that is, that L is minimal.
We have a Hamiltonian T n -action on N , and regular orbits of the action are Lagrangian submanifolds of N . Next we prove that at least one of the regular orbits is also a minimal submanifold of N .
LEMMA 5 Suppose we have an effective Hamiltonian T n -action on a compact Kähler manifold (N , ω). Then there is a regular orbit of the action which is a minimal Lagrangian submanifold of N .
Here by a regular orbit we mean an orbit with a trivial stabilizer.
Proof
Let N ⊂ N be the set of regular points of the T -action (where the differential of the action is injective). First we note that T acts freely on N . Suppose to the contrary that there is a point p ∈ N and an element 1 = t ∈ T such that t · p = p. Then t also preserves the orbit L of the T -action through p. Hence the differential dt at p acts trivially on the tangent space T p L to L at p, which is a Lagrangian subspace of T p N . Hence dt acts trivially on its complexification
Now, let L be a regular orbit of the torus action. For L to be a minimal submanifold of N , it is obviously necessary for it to be a critical point for the volume functional on the orbits. By the result of W. Hsiang (see [11] ) it is also sufficient. We want to find a regular orbit, which is a maximum point for the volume functional on the orbits. First we need to prove that the volume functional is continuous on the space of orbits. Clearly, the volume functional is continuous near a regular orbit. Next we prove that the volume functional is continuous near the singular orbits. PROPOSITION 
Let L be an orbit of the T -action on N , and let x ∈ L be a point with a positive dimensional stabilizer T ⊂ T . Then for any > 0 there is a neighbourhood U of x such that any orbit passing through U has volume less than .
Proof Take a vector e in the Lie Algebra of T . Then the corresponding flow vector field X e vanishes at x. For any unit vector v in the Lie algebra of T its flow vector field X v has a uniformly bounded length (independent of v). We choose a neighbourhood U of x in which X e has a sufficiently small length and it is clear that volumes of orbits through U are sufficiently small.
So the volume functional is continuous on the space of orbits, and we can find an orbit L, which maximizes volume among the orbits. Obviously, L must be a regular orbit (since singular orbits have zero volume). As we have seen, L is a minimal submanifold of N , and we are done.
Next we make the following definition. We have a T n action on N , and this action induces a T n -action on K (N ). Let G be the Lie algebra of T , v ∈ G , let X v be its flow vector field on N , and let X v be its flow vector field on (14)), and κ is T n -invariant. Also, we computed that ∇ X v κ · κ = −i J h, X v for any v ∈ G (see (15)). From this the lemma follows. 
LEMMA 6 For a regular orbit L of the T n -action, L is minimal if and only if
σ | L = 0. Proof We have a section κ of K (N ) over L (see
Proof
Let v ∈ G . We need to show that d − it −1 σ (v) = i X v ω. We do it at a regular point p of the action. Choose any unit length element ξ of K (N ) over p. We can extend ξ to be a local unit length section, invariant under the X v -flow. The section ξ defines a connection 1-form ψ, ψ(u) = ∇ u ξ · ξ . The 1-form ψ is invariant under the X v -flow, and the K-E condition says that idψ = tω. So
So µ is a moment map. By Lemma 5, one of the regular orbits L of the T -action is minimal. By Lemma 6, L lies on the zero set of µ. Obviously, this orbit is isolated in the zero set of µ. By M. Atiyah's result (see [1] ), the zero set of the moment map is connected; hence it must coincide with L, and we are done.
Remark 6
From the preceding lemma we get one orbit L of the T n -action, which is a minimal Lagrangian submanifold of N . But if we take various (n − 1)-dimensional sub-tori T n−1 ⊂ T n , then we can find more examples of minimal Lagrangian submanifolds of N invariant under T n−1 . If L is such a minimal Lagrangian torus, then it gives rise to a SLag submanifold L 0 of K (N ) as in equation (14) by Lemma 4. Such a submanifold can be understood via the symplectic reduction of K (N ) as in Lemma 2. In fact, this is done in our subsequent paper [7] .
We have a T n -action on K (N ), and by Theorem 1 we have a SLag fibration on K (N ). We want to investigate the asymptotic behavior of the fibers at infinity. First we treat the Calabi metric (see equation (13)). From Lemma 7 we get a (unique) orbit L of the T -action, which is a minimal Lagrangian submanifold of N . We have a submanifold L 0 of K (N ) (see (14) ), which by Lemma 4 is a SLag submanifold of K (N ), invariant under the T -action. Its boundary inM is a copy L ∞ of L at infinity. L 0 is invariant under scaling of K (N ) by real numbers. We show that L 0 is a fiber of the SLag fibration on K (N ) arising from Theorem 1. Moreover, any other fiber L is asymptotic to it at infinity. By this we mean the following. Take any compact subset W of K (N )− N . Then scaling of L by positive numbers k i as k i → ∞ converges to L 0 in W . This implies that the boundary of L inM is also L ∞ .
THEOREM 3
Let K (N ) be endowed with a Calabi metric as in equation (13) . Then L 0 ⊂ K (N ) is a fiber of the calibrated fibration on K (N ) arising from Theorem 1. Moreover, any other fiber of that fibration is asymptotic to L 0 at infinity.
Proof
We need to compute the calibrated fibration α = (µ, ξ ) : K (N ) → R n+1 arising from Theorem 1 (see equation (8)). First we compute ξ .
Let e 1 , . . . , e n be a basis for G . Let X i be the flow vector field of e i on N , and let X i be the flow vector field of e i on K (N ). Let ρ be an (n, 0)-form on K (N ) as in equation (12), and let ϕ = dρ. Then ρ is T n -invariant. By Proposition 1,
Next we compute a moment map for the T n -action. Let
We claim that µ is a moment map. Thus the fibers of the SLag fibration α : M → R n+1 (see (7) and (8)) are given by
Here η ∈ K (N ), ν ∈ G * , and c ∈ R. The fiber L 0 corresponds to ν = 0 , c = 0. The asymptotic behavior of the fibers follows immediately from this formula. We finally show that µ defined in (16) is a moment map for the action. We study ω u in more detail (see [18, pp. 108-109] ). Let l ∈ N be a regular point for the T naction, and let ξ be a unit length element of K (N ) over l. Choose any 1 ≤ i ≤ n. We can extend ξ to be a local unit length section of K (N ), invariant under the flow of X i . The section ξ gives rise to a connection 1-form ψ for the connection on K (N ) as in the proof of Lemma 7, and the Einstein condition tells that idψ = tω. The section ξ gives a local trivialization of K (N ), and hence it defines a local coordinate function
Also, the form b = da + aπ * ψ vanishes on the horizontal distribution (see [18, p. 108] ). We have r 2 = aa and u = u(r 2 ). Also, the Kähler form
(see [18, p. 108] ). One directly verifies that
By our construction the flow of X i leaves η invariant. So
Here we use the fact that da(X i ) = 0 and ψ(X i ) = σ (e i ). So µ is a moment map, and we are done.
We can ask a similar question in general, thus giving a noncompact analog of the SYZ conjecture (see [20] ). Let N be a K-E manifold with positive scalar curvature. Then N has a minimal Lagrangian torus L. L gives rise to a SLag submanifold L 0 ⊂ K (N ) as in equation (14), and K (N ) is fibered by SLag subvarieties with fibers asymptotic to L 0 at infinity. We insist here on L being a torus for the following reason. By Duistermaat's theory of action-angle coordinates (see [5] and [8, Sec. 2] ) if one has a Lagrangian fibration on some open subset of a symplectic manifold with connected fibers, then those fibers are diffeomorphic to
Finally, we investigate the SLag fibers of the fibration arising from Theorem 1 in the case when ω u is an induced metric fromM (see Family B in Section 3.2). Let µ be the moment map on N as in Lemma 7, and let µ = u(r 2 )π −1 (µ) be the moment map on K (N ) (see equation (16)). Then µ compactifies to a moment map onM. The image of µ on N is a convex polytope in G * (see [1] ). Let ν be a regular value of µ on N . Then ν = u ∞ ν is a regular value of µ on N ∞ . (Here u ∞ is the limit of u at infinity.) Lemma 3 tells us that the level set ν of µ on N ∞ is the boundary of every SLag submanifold of the form (µ = ν , Im f = c) in K (N ). Let ν now be a value of µ on the boundary of the moment polytope of N . We know that zero is in the interior of the moment polytope of N (since the level set µ = 0 is a regular orbit for the torus action). By the convexity of the moment polytope we deduce that the value λ · ν is not in the moment polytope for any λ > 1. Consider now the value ν = u ∞ ν of µ on N ∞ . Since the function u is an increasing function of r 2 , we conclude that ν is not attained by µ on K (N ). So the level set ν of µ on N ∞ is nonempty, and it does not intersect the closure of any SLag fiber in our fibration of K (N ). Thus Lemma 3 is sharp.
Resolutions of singularities and (quasi)ALE spaces
Suppose that a finite subgroup G of SU(n) acts on C n and that M is a crepant resolution of singularities of C n /G. D. Joyce has recently constructed a (quasi)ALE (asymptotically locally Euclidean) complete Ricci-flat Kähler metric ω on M (see [13] ).
Suppose that G is Abelian. Then there is an orthonormal basis (v i ) of C n , in which the action of G is given by diagonal matrices. Also, T n−1 acts on C n via diagonal SU(n) matrices in the basis (v i ) (see (9) ). This action commutes with the G-action; hence it induces an action on C n /G. We assume that this action extends to an action on M. By the uniqueness property of Joyce's construction, this action preserves ω. Hence Theorem 1 applies, and we have a SLag fibration on M. It would be an interesting problem to understand the behavior of Joyce's metric at infinity in order to understand the structure of the SLag fibers on M at infinity in a way similar to Theorem 3 in Section 3.2.
Toric varieties
In this section we consider a family of almost Calabi-Yau manifolds M arising from the setup M =M − D as in Section 3.1, for which H 1 (M, R) = 0 but we nevertheless have a SLag fibration on M.
Let (M, ω) be toric; that is, T n−1 ⊂ T n . There is an effective T n -action on (M, ω). From Proposition 2 we know that there is a meromorphic section σ of K (M), which is invariant under the T n -action. First we prove the following proposition, which is also useful in Section 4.
PROPOSITION 4
Let M 2n be a connected complex manifold with a (nonzero) holomorphic (n, 0)-form σ and a Kähler form ω. Suppose that we have a T n -action on M which has a finite stabilizer, preserves σ , and is Hamiltonian with respect to ω. Then σ is nonvanishing, and, moreover, for a choice of θ ∈ R the orbits of the T n -action give a SLag torus fibration on (M, ω, e iθ σ ).
Proof
Let v 1 , . . . , v n be a basis for the Lie algebra of T n , and let X i be the flow vector field of v i on M. Let g = i X 1 · · · i X n σ . We use Lemma 1 for η = ϕ to get that dg = 0, that is, g is locally constant; and since M is connected, g is constant. Since the action has a finite stabilizer, the differential of the action is injective at some point p, in which σ ( p) = 0. The vectors X 1 ( p), . . . , X n ( p) span a Lagrangian plane of T p M, so g = g( p) = g 0 = 0. So σ is nonvanishing and the differential of the T n -action is everywhere injective. We can choose θ ∈ R such that e iθ g 0 is real, and we get that orbits of the T n -action are SLag submanifolds of (M, ω, e iθ σ ).
We return now to the toric manifoldM. Consider M =M − D − with a holomorphic (n, 0)-form σ on it (see Section 3.1). We have a T n -action onM, and it leavesM − D − invariant; hence it induces a T n -action on M. Since D − has real codimension 2 in M, M is connected. From Proposition 4 we deduce that σ is nonvanishing, that is, D + = ∅. Also, for a choice of θ the orbits of the T n -action give a SLag fibration on (M, ω, e iθ σ ).
We remark that M coincides with the set of regular points of the T -action. Indeed, we saw in the proof of Proposition 4 that the points inM − D − are regular points of the T n -action. Also, every point d ∈ D − is a singular point of the T -action (since otherwise the T c -orbit of d is open inM, and it cannot be contained in D − ).
Almost Calabi-Yau hypersurfaces near a large complex limit hypersurface
Deformation of SLag fibrations
In this section we wish to study (compact) almost Calabi-Yau hypersurfaces in an algebraic complexity one spaceM 2n . We assume that the anticanonical bundle K of M is ample and has a holomorphic section η, invariant under the T n−1 -action. Let D be a smooth part of the divisor D = (η = 0). We assume that η is transversal to zero along D . This defines a natural T n−1 -invariant trivialization ϕ of the canonical bundle of D . Indeed, the canonical bundle of D is naturally isomorphic to K ⊗ N . Here N is the normal bundle to D inM, and the isomorphism is explicitly given by ϕ ⊗ v → i v ϕ| D . Also, the normal bundle N is naturally isomorphic to K , with the isomorphism given by v → ∇ v η.
Take a connected component D 0 of D . We assume that the T n−1 -action on D 0 has a finite stabilizer H . From Proposition 4 we deduce that we can choose an angle θ 0 such that orbits of the T n−1 -action give a SLag fibration on (D 0 , ω, e iθ 0 ϕ ). (Here ω is the induced metric on D 0 fromM, and the T -action on D 0 is Hamiltonian because it is Hamiltonian onM.) We can use the deformation result in [6] 
We wish to deform the SLag torus fibration on N to SLag torus fibrations on D p ∩ U for a tubular neighbourhood U ⊂ U of N . To set up the deformation theory we consider M -the connected component of the moduli-space of C 2,α embeddings of T n−1 into N , which contains embeddings given by the orbits of the T n−1 -action on N . This is a Banach manifold, whose local chart at a particular (smooth) embedding is given by C 2,α sections of the normal bundle of the embedded T (see [6, Lem. 3.1.1] ). We consider the space M = M × V , which can be thought as a space of embeddings of T into various D p (with ( f, η p ) → α( f, η p ) for an embedding f ∈ M ; see (18)). Let ( f, η p ) ∈ M and α( f, η p ) be the corresponding embedding of T into D p (see (18) 
This e iθ p is defined up to a sign, and we can choose it to be a smooth function of η p .
We want to consider the subset SLag ⊂ M of those embeddings ( f, η p ) such that the forms ω and Im(e iθ p ϕ p ) restrict to zero on α( f, η p ). Let π : M → V be the projection onto the second factor. We also have the space S 0 of the T -orbits in N , and we think of S 0 ⊂ π −1 (η) ∩ SLag. We have the following.
LEMMA 8
The space SLag near S 0 is a smooth manifold SLag 0 of dimension n − 1 + 2 dim H 0 (K (M),M) . Moreover, the differential of the projection π , restricted to SLag 0 , is surjective.
Proof
Since S 0 is compact, it is obviously enough to prove our claim near a point L ∈ S 0 . (Here we think of L as an orbit of the T -action in N .) A neighbourhood Y of L in M can be thought of as a small ball in the space of C 2,α normal vector fields to L. There is a Banach vector bundle over M , given by the direct sum of exact C 1,α 2-forms with exact C 1,α (n − 1)-forms on T n−1 (see [6, Lem. 3.1.1] ). There is a section σ of this bundle over Y × V , given by
The space SLag precisely corresponds to the zero set of this section.
We have shown in [6, Lem. 3.1.1] (slightly generalizing McLean's argument in [16] ) that the differential of σ is already surjective when restricted to the tangent space We would like to point out that Theorem 4 generalizes to complete intersections in a Kähler manifoldM with a lower-dimensional T -action. Suppose that the anticanonical bundle K (M) is a tensor product
Suppose we have a T n−d -action onM such that T n−d also acts on the total space of each L i . Moreover, we assume that the action is equivariant with respect to isomorphism (19 
Fermat-type quintics in CP
This action of course contains a T n−1 ⊂ T c -action. Consider the following polynomial: f = z j . This polynomial defines a holomorphic section of the anticanonical bundle K (CP n ), which is invariant under the T c -action. The zero set D of f has n +1 connected components D j , given by D j = (z j = 0). Let D j be the smooth part of
Consider the following 1-parameter family f t of holomorphic sections of K (M), 
This action has a moment map µ = (µ 1 , . . . , µ n−1 ) with
Consider the intersection of the level set = µ −1 (1/2n, . . . , 1/2n) with D. Its intersection with each of D 1 and D 2 is one smooth orbit L i of the action (i = 1, 2). Also, does not intersect D j for j > 2. Also, L i are easily shown to coincide with the orbits of the original T n−1 -action on D (given by (20) 
Remark 8
We have constructed special Lagrangian fibrations on large parts of quintics D t near the large complex limit quintic D. If one forgets about the special condition and studies Lagrangian fibrations, then one can say more. In fact, W.-D. Ruan has constructed in [17] Lagrangian tori fibrations on general quintics and also constructed symplectic mirrors to those fibrations.
Complete intersection of two degree 3 hypersurfaces in CP 5
In this section we want to illustrate an application of Corollary 1. LetM be CP 5 . We decompose its anticanonical bundle as
Here L 1 = L 2 = (γ * ) ⊗3 (with γ * being the hyperplane bundle of CP 5 ). We have a T 3 -action onM, given by
Since the linear action of T on C 6 is in SL(6, C), the Taction is equivariant with respect to the isomorphism (22) . We have 4 monomials g 1 = z 1 z 2 z 4 , g 2 = z 3 z 4 z 5 , g 3 = z 1 z 2 z 6 , g 4 = z 3 z 5 z 6 , which can be viewed as T -invariant sections of L 1 and L 2 . We pick η 1 and η 2 to be some of their linear combinations such that the conditions of Corollary 1 hold. Thus we get SLag fibrations on large parts of a complete intersection of two hypersurfaces of degree 3 in CP 5 near (η 1 , η 2 ).
Group actions and coassociative submanifolds
Construction of coassociative submanifolds
Let O R 8 be the algebra of Cayley numbers. The Cayley numbers O can be viewed as pairs of quaternions, and the multiplication · on O is given by
We refer the reader to [10, Appendix IV.A] and to [15, p. 51] for the discussion of the basic properties of O. The algebra O is neither commutative nor associative with respect to the product ·, but it has a unit e = (1, 0) with respect to this product; and we have an orthogonal decomposition O = span(e) ⊕ Im O, where Im O R 7 are the imaginary Cayley numbers. On Im O we have a canonical G 2 3-form ϕ 0 ,
(see [10, 
Here ϕ 0 is the standard G 2 -form on Im O as in equation (24) (see [13, pp. 293-294] ). For each m ∈ M the map σ : T m M → Im O as in equation (25) is defined up to a linear transformation of Im O contained in the group G 2 . Since G 2 preserves the inner product on Im O, it is clear that various maps σ as in equation (25) give rise to a welldefined Riemannian metric on M. We are interested in the situation when the form ϕ is parallel with respect to this metric. This happens if and only if dϕ = 0 and d * ϕ = 0 (see [18, Lem. 16.5] ). In that case the metric is Ricci flat and the holonomy of M is contained in G 2 . The existence of metrics on 7-manifolds with holonomy equal to G 2 was unknown for quite a while. R. Bryant and S. Salamon have constructed some complete metrics with holonomy G 2 in [3] . Finally, Joyce has constructed in [13] the first example of a compact simply connected Riemannian 7-manifold with holonomy equal to G 2 . Let M be a 7-manifold with a G 2 -structure (i.e., the form ϕ is parallel). From the corresponding results on Im O it follows that the 4-form * ϕ is a calibration on M and a 4-dimensional submanifold L ⊂ M is calibrated by * ϕ if and only if ϕ| L = 0. L is called a coassociative submanifold. The deformation theory of coassociative submanifolds was studied by McLean in [16] . He has shown in [16, Th. 4.5] that if L is a compact coassociative submanifold of a G 2 -manifold M, then the moduli space of coassociative submanifolds through L is smooth of dimension b − 2 (L). Similarly to the SLag geometry, very little is known about global properties of a moduli space of compact coassociative submanifolds. We show that in the noncompact case one can use structure-preserving group actions on M to construct coassociative submanifolds. LEMMA We assume that G acts freely on the space M of regular points of the action. The complement M − M corresponds precisely to the critical points of g. Let l be a nonconstant trajectory of the gradient flow of g. Then l is contained in M . Let L l = G × l. Then L l is coassociative. Also, l is an embedded 1-submanifold, and g is G-invariant and increases along l. From all this we deduce that L l is an embedded submanifold. If l is another trajectory of ∇g in M , then clearly either L l and L l coincide or they do not intersect. Thus M is covered by a family of nonintersecting coassociative submanifolds, diffeomorphic to G × R.
We cannot in general say anything about the set of nonregular points of the action. We do this in one example in Section 5.2.
Examples
Let M = Im O R 7 with the standard G 2 -form ϕ 0 . There is a nontrivial Sp 1 SU(2) linear action on M which preserves ϕ 0 (see [10, Sec. IV.3] ). Harvey and Lawson have also constructed a family of coassociative Sp 1 -invariant subvarieties in R 7 (see [10, Th. IV.3.2] ). Inside the set M of the regular points of the Sp 1 -action those subvarieties are smooth and coincide with the submanifolds arising from Lemma 9. So in particular, those subvarieties do not intersect in M , but they do intersect in R 7 . So we cannot quite get a coassociative fibration even in the case M = R 7 . We now demonstrate a number of other examples where Lemma 9 applies.
Bryant and Salamon have constructed in [3] a number of examples of complete G 2 -metrics. Some examples are on the total space of the spin bundle over a 3-dimensional space form. Others are on total space 2 − of the bundle of anti-selfdual 2-forms over a self-dual Einstein 4-manifold. Many of those 3-and 4-manifolds admit isometric actions by SO(3) and by SU(2), and those actions induce structurepreserving actions on the corresponding G 2 -manifolds. We treat one example in detail-the total space of the spin bundle over S 3 .
The spin bundle is a bundle V = T S 3 ⊕ R-the direct sum of the tangent bundle to S 3 with a trivial bundle. S 3 can be viewed as a unit sphere of the quaternions. There is an S 3 -action on itself, given by q( p) = qpq −1 . Here the multiplication is the quaternionic multiplication. Obviously, this action induces an S 3 / ± 1 = SO(3)-action on S 3 and on V .
In [3, pp. 836-841], a G 2 -structure was constructed on the total space of V . We do not reproduce the details of the construction but only mention that the fibers of the projection of V onto S 3 are coassociative. We look for coassociative submanifolds of V , invariant under the SO(3)-action.
The points ±1 ∈ S 3 are fixed by the SO(3)-action, and the linear fibers over these points are SO ( The union of all L m and of L ±1 is precisely the set of nonregular points of the action. Also, SO(3) acts freely on the set of regular points of the action. By Lemma 9 the set of regular points is covered by a family of nonintersecting coassociative submanifolds. So the whole V is covered by nonintersecting, SO(3)-invariant coassociative submanifolds. Those are a 3-dimensional family of submanifolds diffeomorphic to SO(3) × R, a 1-dimensional family of submanifolds diffeomorphic to S 2 × R 2 , and 2 submanifolds diffeomorphic to R 4 .
